We investigate the optical response of a graphene spherical shell which has a semi-conducting material core through their absorption spectrum. The semi-conducting material is described by a Lorenztian expression, which approximates the optical responce of a quantum emitter. We present the tunability of the localized plasmon resonance of the graphene sphere by changing the value of its chemical potential and radius. The semi-conducting sphere supports a localized exciton mode, appearing as a maximum in its absorption spectrum. When the localized exciton mode energy, of the semi-conducting sphere, matches the localized plasmon resonance of the graphene, a splitting is observed in the absorption spectrum. This splitting is due to the interaction of the localized exciton mode with the plasmon mode of the graphene sphere, where a splitting of 80 meV is observed close to the telecommunication wavelength of 1550 nm. Using a theoretical model, we explain the modulations in the intensity of the hybrid exciton-plasmon mode, which can be controlled by the radius and the chemical potential of the graphene sphere and the localized exciton mode of the semi-conducting sphere. The results presented here can be used for designing broadband tunable photonic devices.
I. INTRODUCTION
Graphene is a material with superior optical, electronic and mechanical properties [1] [2] [3] [4] [5] . Graphene can be used for replacing noble metals (mainly Au and Ag) for applications operating near to far infrared wavelengths [6] . Graphene possesses an advantage over noble metals because it has smaller material loses [7] and also its optical properties are tunable [8] , thus allowing the design of multipurpose applications [9] [10] [11] .
In recent years, graphene has also been recognized as a promising active material for supercapacitors. Studies showed that having large surface area is essential for such applications [12, 13] . In this direction, it is suggested to use a spherical geometry (graphene nano-balls) to increase the surface area. Lee et al. [14] showed that a graphene mesoporous, with a mean mesopore diameter of 4.27 nm, can be fabricated via chemical vapor deposition technique. Additionally, self-crystallized graphene and graphite nanoballs has been recently demonstrated via Ni vapor-assisted growth [15] . However, these studies mainly focus on electrical properties of such structures. It is also intriguing to study the optical applications of the graphene spherical shell (GSS) structures. In Refs. [16, 17] , the electromagnetic response of charged spherical shells has been studied in terms of their plasmonic properties.
Graphene plasmons (GPs) emerge by applying a voltage or by electrostatic doping, and can trap the incident light in small volumes [18, 19] . Providing incredible potential in a vast amount of applications, such as sensing [20] , switching [8] , and metamaterials [21] . Placing a quantum emitter (QE), such as quantum dot (QD), in close proximity to a graphene nanostructure can yield strong interaction [18] and modulations in optical properties. Usually the interactions between QE placed in a nanostructured environment are described through investigating the QE's lifetime, calculating the Purcell factor [18] . For such simulations the QE-nanostructure interaction is described in terms of the non-Hermitian description of the quantum electrodynamics, and the QE is approached as a point dipole source. Moreover, the interaction between QEs and an infinite graphene layer has been investigated experimentally by measuring the relaxation rate for varying the distance between them [22] and varying the chemical potential value of the graphene layer [23] . The QEs used are erbium ions with a transition energy close to the telecommunication wavelength, where the graphene nanostructures can have a plasmonic response for specific chemical potential values. Moreover, there are molecular and quantum dots emitters also operating to infrared wavelength [24, 25] .
In this work, we study optical response of GPs for the spherical shell geometry, and show that GP resonance can be tuned by changing its radius or chemical potential. We also investigate its interaction with a QE, where it is approached as a semi-conducting sphere. We present a "proof of principal" demonstration that strong coupling between GSS and QE can be achieved in a single QE limit. To show this we use the MNPBEM package [26] , which solves the Maxwell equations in 3D. We observe an 80 meV splitting of the hybrid modes when the QE is resonant to the GP. We also observe that such strong coupling holds when particles becomes off-resonant by tuning chemical potential of the GSS. Having this type of hybrid modes can be valuable for sensing applications, since one of the hybrid modes has sharper linewidth providing high resolution. And tunability of this mode makes it even more attractive. The consistent results are obtained with a basic analytical model presented here. With this model, we discuss the steady state behavior of the hybrid modes depending on the system parameters.
The paper is organized as follows. In Sec. II we present results regarding the absorption spectrum of the GSS, the semi-conducting sphere and the full case, combination of a QE with a GSS. In Sec. III we describe the theoretical model and derive an effective Hamiltonian for a two-level system coupled to GPs. We derive the equations of motion for the system and obtain a single equation for the plasmon amplitude in the steady-state. Sec. IV contains our conclusions.
II. ELECTROMAGNETIC SIMULATIONS OF THE ABSORPTION OF A GRAPHENE COATED SEMI-CONDUCTING SPHERE
We consider a GSS and its optical response is given through the surface conductivity, which is used for the calculation of its absorption cross sections. When the absorption peak of the QE matches the GP resonance, we observe a splitting in the absorption band due to the interaction between the exciton polariton mode, of the semi-conducting sphere, with the localized surface GP mode, supported by the GSS. This splitting is connected with the energy exchange between the two modes. Due to the large splitting the system enters the strong coupling regime, where a splitting of 80 meV between the hybridmodes is observed [27] . These type of collective modes have been also named as plexcitons [28] . We stress out that the QE coated with GSS has been experimentally demonstrated [29] . In this section, we start by presenting the mathematical framework and the expressions that give the dielectric permittivities of the GSS and of the semi-conducting QE. Next we present results regarding the absorption spectrum of the GSS, the QE and the full case of QE with a GSS coating.
The optical response of graphene is given by the value of the in-plane conductivity, σ, in the random phase approximation [30, 31] . This quantity is mainly determined by electron-hole pair excitations, which can be divided into intraband and interband transitions σ = σ intra + σ inter . It depends on the chemical potential (µ), the temperature (T ), and the scattering energy (E S ) values [32] .
The intraband term σ intra describes a Drude modes response, corrected for scattering by impurities through a term containing τ , the relaxation time. The relaxation time, τ , causes the plasmons to acquire a finite lifetime and is influenced by several factors, such as collisions with impurities, coupling to optical phonons and finitesize effects. In this paper we consider room temperature T = 300 K and a value of the relaxation time of τ = 1 ps and we vary the value of chemical potential, µ [9] .
In Fig. 1 and Fig. 2 , we present the extinction spectrum of the GSS by a plane wave illumination. In both figures we observe a peak in the extinction spectrum, this peak value is due to the excitation of localized surface plasmon mode supported by the GSS. In particular, the localized surface plasmon resonances frequency is given as a solution of the equation [16] :
where R is the radius of the GSS, is the dielectric permittivity of the surrounding medium and the space inside the GSS and l is the resonance eigenvalue which is connected with the expansion order. Here we focus on GSS radii that R λ, where λ is the excitation wavelength, thus we focus on the dipole mode l = 1. Since, R λ, the excinction and the absorption have essentially the same value. Moreover, the localized surface plasmon resonance depends on the intraband contributions of the surface conductivity, which, in the limit µ/ ω 1, σ(ω) = 4iaµ/ ω, ignoring the plasmon lifetime. Then, the resonance wavelength of the dipole sur- face plasmon resonance has the value:
In boundary element simulations, using MNPBEM [26] , the GSS is modeled as a thin layer of thickness d = 0.5 nm, with a dielectric permittivity given by [33] ε
where the surface conductivity is given by 2.1 [9] .
In Fig. 1 , we present the absorption spectrum of the GSS by varying the excitation wavelength, considering different values of its radius R = 2.5 nm, 5 nm, 10 nm and 15 nm. We consider a fixed value for the chemical potential, µ = 1 eV and observe that by increasing the radius of the GSS the surface plasmon resonance is redshifted as is predicted by Eq. 2.2. The dipole surface plasmon resonance from Fig. 1 for R = 10 nm is 2190 nm and from numerically solving Eq. 2.1 is 2120 nm, validating our approach. Moreover, increasing the GSS radius the absorption strength gets higher.
In Fig. 2 , we present the extinction spectrum of the GSS, for fixed radius R = 5 nm, varying the excitation wavelength for different values of the chemical potential, µ = 0.2 eV, 0.4 eV, 0.6 eV, 0.8 eV and 1.0 eV. As the value of the chemical potential is increasing the GP resonance is blue shifted to lower wavelengths, also predicted from Eq. 2.2. The physical explanation for such behavior is that the optical gap increases as the chemical potential value increases, thus the surface plasmon resonance blueshifts.
The optical properties of the QE are also described through its absorption spectrum. We want to stress out that we do not consider the emission of the QE and we model its optical response through a Lorentzian dielectric permittivity [34] 
where ∞ is the bulk dielectric permittivity at high frequencies, f is the oscillator strength [35, 36] and γ eg is the transition linewidth, which is connected with the quality of the QE. ω eg is connected with the energy from the excited to the ground state of the the QE. As the sphere is composed by a semi-conducting material, supports localized exciton polariton modes. The sphere sizes considered in this paper are much smaller than the excitation wavelength and only the dipole exciton resonance is excited. In the electrostatic limit the condition for exciting the dipole localized exciton resonance is given by the Re (ε eg (ω)) = −2ε, where ε is the dielectric permittivity of the surrounding medium, is this paper we consider ε = 1. From this resonance condition it becomes apparent that changing the radius of the semi-conducting sphere does not influence its resonace wavelength, as long as R λ. On the other hand, as the level spacing of the QE changes, the position of the dipole localized exciton resonance shifts accordingly.
In Fig. 3 we consider the full case in which the QE has a GSS coating. We simulate the absorption of the combined system for varying excitation wavelength. We start in Fig. 3 by considering the effect of the value of the chemical potential, µ, in the absorption of the combined system, where the value of the transition energy of the QE is fixed at λ eg = 1550 nm. For the chemical potential µ = 1 eV the splitting in the absorption spectrum is Ω = 84 meV, where we can see that the localized exciton mode is off-resonance with the surface plasmon mode, although we can still observe a strong coupling behavior. We observe that the initial splitting blue-shifts as the value of the chemical potential µ increases.
In Fig. 4 we present the absorption of the QE coated with GSS, with µ = 1.2 eV and the radius of the sphere to be R = 5 nm, for varying excitation wavelength. We consider different values of the transition energy of the QE, λ eg . We observe that by increasing the value of λ eg the resonance of the exciton polariton mode redshifts, similarly the splitting in the extinction/absorption of the combined QE core-GSS nanosystem also redshifts. Initially for λ eg = 1400 nm the exciton polariton and the GP modes are not interacting as the value of the QE transition wavelength increases then the exciton resonance of the QE overlaps with the GPs, then a splitting appears. For λ eg = 1400 nm the absorption spectrum shows that the exciton and plasmon polariton modes are shifted from their initial values due to the modification of the local refractive index environment.
III. THE ANALYTICAL MODEL
In the following section, we derive the effective Hamiltonian for the GPs coupled to a QE and derive the equations of motion. We consider the QE as a two level system [34] with level spacing ω eg = 2πc/λ eg . In the steady state, we obtain a single equation. We show that by using this equation one can have a better understanding on the parameters of the combined system.
We consider the dynamics of the total system as follows. The incident light (ε L ) with optical frequency ω = 2πc/λ excites a GP (â GP ), which is coupled to a QE. The Hamiltonian of the system can be written as the sum of the energy of the QE and GP (ω GP = 2πc/λ GP ) oscillations (Ĥ 0 ) and the energy transferred by the pump source (Ĥ L )Ĥ
and the interaction of the QE with the GP modes (Ĥ int )
where the parameter Ω R , in units of frequency, is the coupling strength between GP and the QE. |g (|e ) is the ground (excited) state of the QE. Although, in the strong coupling limit, one needs to consider counter-rotating terms in the interaction Hamiltonian [37] , in which there is still no analytically exact solution [38] . Instead of pursuing a full consideration, left for future work, we demonstrate here RWA, gives consistent results for the structure considered in this work. Moreover, we are interested in intensities but not in the correlations, and we replace the operatorsâ i andρ ij = |i j| with complex numbers α i and ρ ij [39] respectively and the desired equations of motion can be obtained aṡ
where γ GP and γ eg are the damping rates of the GP mode and of the off-diagonal density matrix elements of the QE, respectively. The values of the damping rates are considered as the same with previous section. The conservation of probability ρ ee + ρ gg = 1 with the diagonal decay rate of the QE γ ee = 2γ eg accompanies Eqs.(3.4a-3.4c). In the steady state, one can define the amplitudes as
whereα GP andρ ge are constant in time. By inserting Eq.(3.5) into Eqs. (3.4a-3.4c) , the steady-state solution for the GP mode can be obtained as 6) where Ω ± = δ + ± δ 2 − − |Ω R | 2 y + γ eg γ GP defines hybrid mode resonances [40] and Γ(ω) = [γ eg (ω GP − ω) + γ GP (ω eg − ω)] with δ ± = (ω GP ± ω eg )/2 and population inversion y = ρ ee − ρ gg terms.
It is important to note that the results presented in Fig. 5 and Fig. 6 are the exact solutions of Eqs.(3.4a-3.4c). We study the steady-state in Eq.(3.6) to gain a better understanding over the parameters and avoid time consuming electromagnetic 3D simulations of the combined system. Moreover, we hereafter calculate the intensity of the GP mode in Eq. (3.4a), which is related to the absorption from the nanostructure [29] , to compare the results with the electromagnetic 3D-simulations.
To find the modulation of the intensities of the hybrid modes in the presence of QE, we use different resonance values of the QE, λ eg = 2πc/ω eg = 1535 nm 1500 nm 1400 nm in Fig. 5a . The quantitative results comparing with the numerical simulations in Fig. 4 , which takes retardation effects into account, are obtained. We also show the evolution of the hybrid-modes by varying interaction strength |Ω R | for zero detuning (δ − = 0) in Fig. 5b , and for highly off-resonant case in Fig. 5c . The strong coupling regime is reached if [41] , that is the coupling strength exceeds the sum of the dephasing rates. When QE and GP are resonant [see Fig. 5b ] a dip starts to appear around |Ω R | ≈ γ GP . This can be also read from Eq. (3.6). That is when ω eg = ω GP = ω, the Eq. (3.6) becomes
Since γ eg is very small from other frequencies, with increasing |Ω R |,α GP becomes smaller compared to without QE case. Beyond a point, where the transparency window appears [34] , there emerge two different peaks centered at frequencies Ω ± . The seperation becomes larger as the Ω R increases.
This arguement is not valid if GP and QE are highly off-resonant. In this case, to make second peak significant, the interaction strength has to be much larger than γ GP [see Fig. 5c ]. The dip can be seen at ω eg , which is out of the GP resonance window and it may not be useful for practical applications. However, having sharp peak, due to strong coupling between off-resonant particles, can be very useful for the sensing. The reason for that it has smaller linewidth and can be tuned by changing chemical potential of the GSS. To show this, in Fig. 6 we plot the evolution of the field intentsity of the GP (|α GP | 2 ) as a function of excitation wavelength λ and GP resonance λ GP , when graphene is alone Fig. 6a and with QE Fig. 6b . It can be seen from Fig. 6b that it is possible to control the positions and linewidths of the hybrid resonances by varying the value of the chemical potential. The similar behaviour is also shown in MNPBEM simulation [see Fig. 3 ].
IV. CONCLUSIONS
In summary, we investigate the optical response of the GPs for the spherical shell geometry in the presence and absence of the QE. We show that there is a tunability of the optical response of the GSS through changing the value of the chemical potential and its radius. For the combined system of the QE covered with a graphene layer, we observe a splitting in the absorption band. This is due to the strong coupling regime where splitting of up to 80 meV are observed in a single QE limit. We also discuss the case when the QE and GP are off-resonant, and observe that the system can hold strong coupling. The results of the theoratical model, we present here, support the exact solutions of the 3D-Maxwell equations obtained from MNPBEM simulations.
Our results can contribute to controlling light-matter interactions at the nanometer length scale and find potential from all-optical switch nonlinear devices to sensing applications with current experimental capabilities for fabrication. Having extreme field confinement, device tunability and low losses makes such structures even more attractive.
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